Buckling analysis of thin-walled functionally graded (FG) sandwich box beams is investigated. Material properties of the beam are assumed to be graded through the wall thickness. The Euler-Bernoully beam theory for bending and the Vlasov theory for torsion are applied. The non-linear stability analysis is performed in framework of updated Lagrangian formulation. In order to insure the geometric potential of semitangental type for internal bending and torsion moments, the non-linear displacement field of thinwalled cross-section is adopted. Numerical results are obtained for FG sandwich box beams with simplysupported, clamped-free and clamped-clamped boundary conditions to investigate effects of the power-law index and skin-core-skin thickness ratios on the critical buckling loads and post-buckling respones.
Introduction
In recent years, there is a rapid increase in the use of functionally graded (FG) structures. Thin-walled FG beams have practical interest and future potential particularly in aerospace and mechanical applications due to high strength-to-weight ratio. Many papers have been devoted to study bending, vibration and buckling of FG and FG sandwich beams and only some of them are cited here [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . In these papers, different theories (classical beam theory, first-order beam theory and higher-order beam theory) and various material distribution laws of FG beams have been introduced. However, there are quite a few papers which mainly 3 4. The local buckling as well as the distortional buckling are not considered.
Beam kinematics
In this paper, two sets of coordinate systems, which are mutually interrelated, are used. The first coordinate system is Cartesian coordinate system (z, x, y), for which z-axis coincides with the beam axis passing through the centroid O of each cross-section, while the x-and y-axes are the principal inertial axes of the cross-section taken along the width and height of the beam. The second coordinate system is contour coordinate (z, n, s) as shown in Fig. 1 , wherein coordinate z coincident with beam z-axis, the coordinate s is measured along the tangent of the middle surface in a counter-clockwise direction, while n is the coordinate perpendicular to s. Incremental displacement measures of a cross-section are defined as 
due to large rotations should be added to those from Eq. (2).
The strain tensor components, corresponding to nonlinear displacement field, are:
The last term ij e contains the second-order displacements due to the large rotations.
Contour displacements
The contour mid-line displacements are ,, w u v , while the out of mid-line displacement components are defined as:
, , uu w z s n w n v z s n v n u z s n u zs
Beam to contour displacement relation can be given as:
, , cos , , sin , , , cos , , sin ;
where indexes L and NL indicates linear and nonlinear parts respectively.
Out of mid-line displacements can also be separate into linear and non-linear components: 
The only non-zero strain components, according to Bernoulli hypothesis, are:
;; 
The middle surface shear strain L zs  , in accordance with second assumption, will be: The explicit forms of s F for box section are given in Ref. [21] .
The appropriate strains and curvatures can be expressed in the following form:
so Eqs. (13) and (14) become: 
The axial strain and the biaxial curvatures in x and y direction, the warping curvature and the twisting curvature, are defined as:
Analogously, the nonlinear strain components from Eqs. (11) and (12) can be expressed in terms of the relevant components of the beam displacement.
In Eqs. (16) and (18), q presents the distance of the contour radius from an arbitrary point P called pole, 
The warping function  with respect to contour coordinate system, is given by [22, 
Where r is height of triangle with the base ds ; A i is the area circumscribed by the contour of i-th circuit.
The cross-section internal beam forces can be defined as: 
Constitutive equations
The material properties of FG box beams are assumed to vary continuously through the wall thickness by a power law according to [24] :
where P represents the effective material property such as Young"s modulus E and Poisson"s ratio ν;
subscripts in and out represent the inner and outer surface constituents, and V c is the volume fraction of the ceramic phase, respectively. Three different types of FG box beams are considered as shown in Fig. 2: 1) Type A: the wall composed of FG material for which material varies from a metal-rich inner surface (n = t 0 = -0.5t) to a ceramic-rich outer surface (n = t 3 = +0.5t). The volume fraction of ceramic phase is defined as:
Type B: the sandwich wall with fully ceramic core and FG skins [25, 26] . The inner skin varies from a metal-rich surface (n = t 0 = -0.5t) to a ceramic-rich surface (n = t 1 ) while the outer skin varies from a ceramic-rich surface (n = t 2 ) to a metal-rich surface (n = t 3 = +0.5t). The volume fraction of ceramic phase is defined as: 
3) Type C: the sandwich wall with fully metal inner and fully ceramic outer skin, while the core is graded from metal to ceramic [27] . The volume fraction of ceramic phase is defined as:
In expressions above Eqs. (25)- (27), p is the power-law index.
The stress-strain relation for elastic FGM box beam can be written as:
Using Eqs. (18), (19) and (28), the beam components can be expressed in a matrix form as: 
where ij R are FG box beam stiffnesses defined as: 12 21 ( ) ( ) sin
13 31
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3. Finite element formulation 
    T e zA xA yA zA xA yA zB xB yB zB xB yB ωA ωB
Where the superscript "e" denotes the e-th finite element.
According to the incremental description, it is necessary to subdivide a load-deformation path of a finite element into a number of steps or increments where three equilibrium configurations can be recognized: the initial configuration C 0 , the last calculated equilibrium configuration C 1 and current unknown configuration C 2 . By the UL formulation adopted in this paper, each system quantity occurring in C 2 can be expressed with reference to C 1 . Hereafter, a left superscript denotes the configuration in which a quantity occurs, and a left subscript the configuration in which the quantity is measured. If the superscript and subscript of a quantity are same, the latter may be dropped. The absence of the superscript indicates that the quantity is an increment between C 1 and C 2 [28] .
Applying the virtual work principle, the linearized incremental equilibrium equations of an elastic beam element can be written as:
where the left-hand side represents the internal work composed of the virtual incremental elastic strain energy: 9 and the virtual geometric incremental potential:
while the terms on the right-hand side represent the virtual work done by the external forces at the end and beginning of the current increment, respectively,
In the preceding equations S ij and t i are, respectively, the second Piola-Kirchhoff stress tensor and surface tractions, C ijkl is the constitutive or stress-strain tensor, while the symbol ""δ"" denotes the virtual quantities. Adopting a linear interpolation for o w displacement and cubic interpolation for 0 0 z ,,  uv one can derive: Ref. [29] . The set of non-linear equilibrium equations of a structure must be attempted by incremental iterative approach. This procedure is described in Ref. [28] . As the first example, the critical buckling loads of FG box beams (Type A) with different value of power law index p for three types of boundary conditions, clamped-clamped (C-C), clamped-free (C-F) and 10 simply-supported (S-S) are given in Table 1 . Since all the coupling stiffnesses vanish in this case, the present results are in good agreement with the solutions in theoretical formula:
Results

Thin-walled FG sandwich box beam
with k is effective-length factor, depends on boundary conditions; thus accuracy of the present model is established. As expected, an increase of the power-law index results in a decrease of elasticity modulus and bending rigidity, which leads to reduction in critical buckling loads. This reduction is recognizable for all three considered boundaries. It should be noted that for zero value of power-law index, the FG material is the full ceramic, while as the power-law index increases, the FG material tends towards the full metal.
In the next example, FG sandwich box beams of Types B and C are analysed. Three different skin-coreskin ratios (1-1-1, 1-2-1 and 2-2-1) for both types are considered. The obtained critical buckling loads are given in Tables 2 and 3 . It can be observed that as power-law index increases, the critical buckling loads decreases in all cases. However the rate of decrease is directly dependent on skin-core-skin ratios in box 
Thin-walled FG sandwich box frame
The L-shaped frame of the same material types and box section 200 mm × 100 mm × 5 mm is considered, Fig. 13 . The frame is cantilevered at point A and loaded by a single concentrated load at free end C in X direction. The warping at junction point B is supposed to be fully restrained. Obtained critical buckling 11 loads are given in Table 4 . For validation purposes, the critical loads for full ceramic 
Conclusion
The paper has presented an effective numerical beam model capable to analyze the global buckling behaviour of thin-walled functionally graded box beams whose material properties are assumed to vary in the thickness direction according to power law. Three different types of box beam wall are considered: FG wall, sandwich wall with FG skin-homogeneous core and sandwich wall with homogeneous skin-FG core.
Effects of power law index, skin-core-skin thickness ratios and boundary conditions on the critical buckling loads and post-buckling responses are observed. Since the previous works in this area [16] are engaged in simulations of free vibration analysis, this paper as novel aspect simulate the buckling behaviour of subject beams. The present model is appropriate and efficient in analyzing buckling problem of FGM box beam type structures. 
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